We propose and analyze an efficient spectral-Galerkin approximation for the Maxwell transmission eigenvalue problem in spherical geometry. Using a vector spherical harmonic expansion, we reduce the problem to a sequence of equivalent one-dimensional TE and TM modes that can be solved individually in parallel. For the TE mode, we derive associated generalized eigenvalue problems and corresponding pole conditions. Then we introduce weighted Sobolev spaces based on the pole condition and prove error estimates for the generalized eigenvalue problem. The TM mode is a coupled system with four unknown functions, which is challenging for numerical calculation. To handle it, we design an effective algorithm using Legendre-type vector basis functions. Finally, we provide some numerical experiments to validate our theoretical results and demonstrate the efficiency of the algorithms.
Introduction
The Maxwell transmission eigenvalue problem is a boundary value problem in a bounded domain which arises in inverse scattering theory for inhomogeneous media. It is well known that the transmission eigenvalues play a critical role in the reconstruction of inhomogeneous non-absorbing media [1, 2, 3] . In addition, the transmission eigenvalues are also used to estimate the index of refraction of a non-absorbing inhomogeneous medium in recent years [4, 5, 6] . The method consists of several steps. First of all, the support of the scattering obstacle can be recovered by using the measured scattering data and the linear sampling method [7] and the transmission eigenvalues can be identified from either the far field or near field data [8, 4] . Then, the bounds for smallest and largest eigenvalues of the (matrix) index of refraction can be obtained in terms of the support of the scattering obstacle and the first transmission eigenvalue of the anisotropic media [9] . Finally, reconstructions of the electric permittivity (if it is a scalar constant) or an estimate of the eigenvalues of the matrix in the case of anisotropic permittivity can be obtained [7] .
However, the effectiveness of the above method rests on having an efficient and robust algorithm for computing Maxwell transmission eigenvalues. Although the Maxwell transmission eigenvalue problem is stated in a simple form, its solution is complex since it is nonstandard so that the classical theory can not be applied directly. There are only a few papers dealing with the numerical computation of Maxwell transmission eigenvalues due to this notorious difficulty. In [10] , Monk et al. propose two finite element methods in computing a few lowest Maxwell's transmission eigenvalues, curl-conforming finite element and mixed finite element methods. In [3] , Sun et al. presented an iterative method to compute the Maxwell's transmission eigenvalue, where the transmission eigenvalue problem is written as a quad-curl eigenvalue problem. Then the real transmission eigenvalues are shown to be the roots of a nonlinear function whose value is the generalized eigenvalue of a related self-adjoint quad-curl eigenvalue problem which is computed by using a mixed finite element method. In [11] , Huang et al. also proposed a numerical algorithm for computing Maxwell transmission eigenvalue problems. However, all these methods are based on low-order finite element methods, so they become very expensive if high accuracy is needed. To the best of our knowledge, no error analysis is given yet for any existing numerical method, even for three-dimensional spherical domains.
In practical applications, we often need to solve Maxwell transmission eigenvalue problems on the special domain of spherical geometries. We know of only a few reports on spectral-Galerkin approximation for the Maxwell transmission eigenvalue problems on the special domain of spherical geometries. Thus, we will present in this paper an efficient spectral-Galerkin approximation for the Maxwell transmission eigenvalue problem in spherical geometry. Using a vector spherical harmonic expansion, we reduce the problem to a sequence of equivalent one-dimensional TE and TM modes that can be solved individually in parallel. For the TE mode, we derive associated generalized eigenvalue problems and corresponding pole conditions. Then we introduce weighted Sobolev spaces corresponding to the pole condition and prove error estimates for the generalized eigenvalue problem. The TM mode is a coupled system with four unknown functions, which is challenging for numerical calculation. To handle it, we design an effective algorithm using Legendre-type vector basis functions. Finally, we provide some numerical experiments to validate our theoretical results and demonstrate the efficiency of the algorithms.
The rest of this paper is organized as follows. In the next section, we introduce the Maxwell transmission eigenvalue problem. In §3, we derive a dimension reduction scheme under spherical geometries. In §4, we derive the weak formulation and error estimate for the TE mode. In §5, we describe in detail an efficient implementation of the algorithm. We present several numerical experiments in §6 to demonstrate the accuracy and efficiency of our method. Finally, in §7 we give some concluding remarks.
Maxwell transmission eigenvalue problem
Let D ⊂ R 3 be a bounded simply connected region with piecewise smooth boundary ∂D and denote by ν ν ν the outward normal vector to ∂D. Let (., .) D denote the scalar product in L 2 (D) 3 and define the Hilbert spaces
equipped with the scalar product (u, v) curl = (u, v) D + (curl u, curl v) D and the corresponding norm · curl . Following [12] , we also define
equipped with the scalar product (u, v) U = (u, v) curl + (curl u, curl v) curl and the corresponding norm · U .
Let N N N be a 3 × 3 matrix valued function defined on
) and there exists a constant γ > 0 such that
We [3, 10] :
2)
3 Dimension reduction scheme under spherical geometries
We shall restrict our attention to the case where D is a ball of radius R and N N N = nI I I with n being a function along the radial direction. In this case, by using vector spherical harmonic expansion we can reduce the problem to a sequence of equivalent one-dimensional TE and TM modes that can be solved individually in parallel.
Vector spherical harmonics
There are several versions with different notation and properties for vector spherical harmonics (see e.g., [13, 14, 15, 16] ). We adopt in this paper the family of vector spherical harmonics in [13, 14] .
The spherical coordinates (r, θ, φ) are related to the Cartesian coordinates x = (x 1 , x 2 , x 3 ) by x 1 = r sin θ cos φ, x 2 = r sin θ sin φ, x 3 = r cos θ.
(3.1) Let e r = x r , e θ = (sin θ cos φ, sin θ sin φ, − sin θ), e φ = (− sin φ, cos φ, 0).
Then {e r , e θ , e φ } forms a moving orthonormal coordinate basis in R 3 .
Let S be the unit spherical surface, and denote by ∆ S and ∇ S the Laplace-Beltrami and tangential gradient operators on S, namely,
3)
The spherical harmonics {Y m l } (as normalized in [13] ) are eigenfunctions of ∆ S , i.e.,
and form an orthonormal basis for L 2 (S):
The family of vector spherical harmonics is defined by [13] :
where
e r . With the understanding of T 0 0 = W 0 0 = 0, the indexes {l, m} run over
The following lemma was proved in [13] ((A.1) and (A.2)) Lemma 3.1
Let f is a function along the radial direction and define the differentiation operators:
14)
The following lemma is again proved in [13] ((A.9)):
Dimension reduction scheme
Let us write
From Lemma 3.2 we can derive that
From (3.19)-(3.21) and the nonzero of eigenfunction, together with Lemma 3.1, (2.1) can be reduced to
where l ≥ 1, 0 ≤ |m| ≤ l. Similarly, (2.2) can be reduced to
where l ≥ 1, 0 ≤ |m| ≤ l. From (3.7)-(3.9) and (3.17), we can derive that
Similarly, we can derive that
From Lemma 3.1, the boundary condition (2.3) can be reduced to
From Lemma 3.2 and (3.7)-(3.9) we can derive that
From Lemma 3.1, the boundary condition (2.4) can be reduced to
Note that the modes t m l (coefficients of T m l ) are decoupled from the modes v m l and w m l . In summary, we only have to solve the following sequence (l ≥ 1 and |m| ≤ l) of one-dimensional eigenvalue problems, i.e., the so-called TE mode:
and TM mode:
4 Weak formulation and error estimation of the TE mode
For brief, we shall only give the error analysis in detail for the TE mode. For the TM mode, it is a coupled system with four unknown functions which is a challenging problem for numerical calculation. We propose an efficient numerical algorithm by using Legendre approximation based on vector basis functions.
Weak formulation and discrete formulation
By simplification, the TE mode can be rewritten as follows:
Next, we formulate (4.1) -(4.4) as a equivalent fourth-order eigenvalue problem. Let
Divding n − 1 and applyingL l + k 2 l n to both sides of above equation, we obtain
Then the (4.1)-(4.4) is equivalent to the following fourth order eigenvalue problem:
We now define the usual weighted Sobolev space:
equipped with the inner product and norm
where I = (−1, 1) and ω = 1 + t is a weight function. Next, we introduce the following non-uniformly weighted Sobolev space:
equipped with the corresponding inner product and norm
Then the weak form of (4.9) -(4.10) is:
Note the condition u l (−1) = 0 in H 2 0,ω,l (I) is a essential polar condition which should be imposed for the well-posedness of the weak form (4.17) (and the same type of pole condition for v).
We now introduce an associated generalized eigenvalue problems. First we define
forñ > 1, and 20) where τ l = k 2 l . Then (4.17) can be written as either
The associated generalized eigenvalue problem is: 
Let P N be the space of polynomials of degree less than or equal to N , and setting X N = P N ∩ H 2 0,ω,l . Then the discrete formulation of (4.23) is:
The discrete formulation of (4.24) is:
Error estimation of approximate eigenvalues
Hereafter, we shall use the expression a b to mean that there exists a positive constant C such that a ≤ Cb.
Lemma 4.1 It holds:
Proof. Since
From Hardy inequality (cf. B 8.6 in [17]) we have
Thus, we can obtain
Theorem 1 Letñ ∈ L ∞ (I) satisfy 1 + α ≤ñ * ≤ñ ≤ñ * < ∞ or 0 <ñ * ≤ñ ≤ñ * < 1 − β for some α > 0 and β > 0 positive constants. Then A τ l orÃ τ l is a continuous and coercive sesquilinear form on H 2 0,ω,l (I) × H 2 0,ω,l (I), i.e.,
28)
Proof. We shall only give the proof in the case of 1 + α ≤ñ * ≤ñ ≤ñ * < ∞. It can be similarly derived for the case of 0 <ñ * ≤ñ ≤ñ * < 1 − β.
n * −1 + 1, then from Lemma 4.1 we can obtain (4.27). Due to
then from Lemma 4.1 we can obtain (4.28). ✷ Similar to the proof of Theorem 1, we can derive the following Theorem: To give the error analysis, we will use extensively the minimax principle. Lemma 4.2 Let λ m (τ l ) denote the m-th eigenvalues of (4.23) and V m be any m-dimensional subspace of H 2 0,ω,l (I). Then, for
Proof. See Theorem 3.1 in [18] . ✷ Lemma 4.3 Let λ m (τ l ) denote the m-th eigenvalues of (4.23) and be arranged in an ascending order, and define
where u i l is the eigenfunction corresponding to the eigenvalue λ i (τ l ). Then we have
Proof. See Lemma 3.2 in [18] . ✷ It is true that the minimax principle is also valid for the discrete formulation (4.25) (see [18] ). 
Theorem 3 Let λ m N (τ l ) be obtained by solving (4.25) and be an approximation of λ m (τ l ), an eigenvalue of (4.23). Then, we have
.
(4.33)
Proof. According to the coerciveness of A τ l (u, v) and B(u, v) we can get λ m (τ l ) > 0. From X N ⊂ H 2 0,ω,l (I), together with (4.29) and (4.32) we can obtain λ m (τ l ) ≤ λ m N (τ l ). Let Π 
It is obvious that Π 
Thus, we have
The proof of Theorem 3 is complete. ✷
We denote the Jacobi weight function of index (α, β) by ω α,β (x) = (1 − t) α (1 + t) β and introduce the following non-uniformly weighted Sobole spaces: 
where Q −2,−2 N = {φ ∈ P N : φ(±1) = φ ′ (±1) = 0}. From the Theorem 1.8.2 in [19] we have the following Lemma: Lemma 4.5. For any u ∈ H s ω −2,−2 , * (I), the following inequality holds:
Theorem 4 There exists an operator π
where P 0,l
Proof. Let u * (t) = 1 4 (t + 1)(1 − t) 2 ∂ t u(−1) for ∀u ∈ H 2 0,ω,l (I). By construction, we have 
Thus, u − u * ∈ H s ω −2,−2 , * (I) and we can define
,l (I) Then by Lemma 4.5 we can obtain 
where C(m) is a constant independent of N .
Proof. For any v ∈ E 1,m it can be represented by v = m i=1 µ i u i l , we then have
From Cauchy-Schwarz inequality we have
Then from Poincaré inequality we can obtain
From the property of orthogonal project (4.34) and continuity of A τ l (u, v) in Theorem 1 we can derive that
then from Theorem 3 and Theorem 4 we can get desired results. ✷
Efficient implementation of the algorithm
We describe in this section how to solve the TE mode (3.35)-(3.38) and TM mode (3.39)-(3.44) efficiently.
Efficient implementation of the algorithm for TE mode
We start by constructing a set of basis functions for X N . Let
and L i is the Legendre polynomial of degree i.
It is clear that
We shall look for
Now, plugging the expression of (5.1) in (4.25), and taking v N through all the basis functions in X N , we will arrive at the following linear eigenvalue system:
Efficient implementation of the algorithm for TM mode
. Then (3.39)-(3.44) can be restated as follows:
Let us define
Then the weak form of (5.
We now construct a set of basis functions for H N . Let
where j = 0, 1, · · · , N − 1. It is clear that
Now, plugging the expression of (5.11) in (5.10), and taking (h 1N (t), h 2N (t), h 3N (t), h 4N (t)) through all the basis functions in H N , we will arrive at the following linear eigenvalue system: 12) where U = (α 0 , α 1 , · · · , α 4N +2 ) T , A and B are the corresponding stiff matrix and mass matrix, respectively . Note that the stiff matrix A (resp. A) and the mass matrix B (resp. B) in (5.2) (resp. (5.12)) are all sparse for the constant n. Thus either direct or iterative eigen solvers can be efficiently applied in parallel. For the case of variable n, since one is mostly interested in a few smallest transmission eigenvalues, it is most efficient to solve (5.2) (resp. (5.12)) by using a shifted inverse power method (cf., for instance, [20] ) which requires solving, repeatedly for different righthand side f (resp.f ),
where λ a (τ l ) (resp. k al ) is some approximate value for the transmission eigenvalue λ N (τ l ) (resp. k N l ). The above system can be efficiently solved by the Schur-complement approach, we refer to [21] for a detailed description on a related problem. In summary, the approximate transmission eigenvalue problem (5.2) (resp. (5.12)) can be solved very efficiently.
Numerical experiments
We now perform a sequence of numerical tests to study the convergence behavior and show the effectiveness of our algorithm. We operate our programs in MATLAB 2015b.
Homogeneous medium n
We take R = 1, n = 16, and l = 1, 2, 3 in our examples. Numerical results for the first four eigenvalues with different l and N are listed in Tables 6.1-6.3 for the TE mode and in Tables 6.4-6.6 for the TM mode, respectively. We see from Tables 6.1-6.6 that numerical eigenvalues achieve at least fourteen-digit accuracy with N ≥ 25. As a comparison, we list in Table 6 .7 the results in [10] computed by the finite element method with mesh size h ≈ 0.2. We observe that numerical eigenvalues listed in Table 6 .7 have only two-to three-digit accuracy, while our method captured at least fourteen-digit accuracy with much less computational efforts.
Note that the multiplicity of the eigenvalue can be predicted by |m| ≤ l. For l = 1, we have m = 0, ±1 and hence the first eigenvalue has multiplicity 3; for l = 2, we have m = 0, ±1, ±2 and therefore the second eigenvalue has multiplicity 5. In general, the j-th eigenvalue has multiplicity 2j + 1. The first three numbers (read in horizontal) in Table  6 .7 are for the TM mode with l = 1, which compared with the first column in Table 6 .4; the second three numbers are for the TE mode with l = 1, which compared with the first column in Table 6 .1; the next five numbers are for the TM mode with l = 2, which compared with the first column in Table 6 .5; the following five numbers are for the TM mode with l = 2, which compared with the first column in Table 6 .2; the last seven numbers in Table  6 .7 are for the TE mode with l = 3, which compared with the first column in Table 6 .6. In order to further demonstrate accuracy and efficiency of our algorithm, we use numerical solutions with N = 60 as reference solutions and plot errors of approximated eigenvalues with different N in Figures 1-6 . We observe exponential decay in all cases. 
Inhomogeneous medium n
We take R = 1, n = 8 + 4r 2 , and l = 1 in our examples. Numerical results of the first four eigenvalues with different N are listed in Table 6 .8 for the TE mode and in Table 6 .9 for the TM mode, respectively. We see from Tables 6.8-6.9 that numerical eigenvalues achieve at least thirteen-digit accuracy with N ≥ 25. Here again, we use numerical solutions with N = 60 as reference solutions and plot the errors in Figure 7 -8. 
Conclusions
In summary, the method developed in this paper is a first but important step towards a robust and accurate algorithm for more general transmission eigenvalue problems which will be the subject of our future work.
